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This paper numerically investigates the effect of mass transfer processes on spherical single bubble
dynamics using the Hertz–Langmuir–Knudsen approximation for the mass flux across the interface.
Bubble behavior, with and without mass transfer, is studied for different values of pressure wave
amplitude and frequency, as well as initial bubble radius. Whereas mass transfer processes do not
seem to play a significant role on the bubble response for pressure amplitudes smaller than 0.9 atm,
they appear to have an important effect when the amplitude is greater than or equal to 1 atm. For
the later case, where the minimum liquid pressure reaches values around its vapor pressure, the
importance of mass transfer depends on frequency. For frequencies in the 103 – 105 Hz range and
initial bubble radii of the order of tens of microns, bubble implosions with and with no mass transfer
are significantly different; smaller radii display a lower sensitivity. In this regime, accurate model
predictions must, therefore, carefully select the correct value of the accommodation coefficient. For
frequencies greater than 105 Hz, as a first approximation mass transfer can be ignored.
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I. INTRODUCTION

The influence of mass transfer on bubble dynamics has
been extensively studied. Different applications involving
bubble oscillations have motivated the development of a variety of models accounting for evaporation and condensation
processes. For small enough oscillation amplitudes, the effect of the mass transfer on the bubble behavior can be analytically determined via linear theory. For instance, Hao and
Prosperetti1have numerically studied the validity of
asymptotic theory predictions for oscillating vapor bubbles.
However, the transient mass transfer analysis for Single
Bubble SonoLuminiscence 共SBSL兲 becomes more intricate
due to the nonlinearity of the system model equations. Several models have been proposed in the literature taking into
account mass transfer processes. A detailed comparison
among them can be found in Preston et al.,2 where a new
reduced-order model is proposed.
A complete review of the models taking into account
mass transfer processes can be found in Ref. 3. Toegel et al.4
have shown the importance of the vapor fed into the bubble
along its expansion in order to explain why the sonoluminiscence upscaling theory, proposed by Hilgenfeldt et al.,5 is
not applicable at low frequencies. Toegel et al.6 and Hilgenfeldt et al.7 have later included mass and heat transfer across
the interface in their models in order to compute the stability
regions in SBSL. More complicated models, including mass
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transfer and chemical reactions, have been also developed
aiming at correctly predicting the production of free radicals
in sonicated liquids,8,9 as well as the degradation rates of
organic compounds.10 The coupling between chemical reactions and mass transfer has been shown to be essential, for
example, to predict the appearance of internal pressure
waves inside the bubble under strong implosions.11,12 An et
al.13 have demonstrated the sensitivity of the appearance of
internal pressure waves to the mass transfer model, even in
the absence of chemical reactions. Storey and Szeri9 have
shown that the condensation velocity during the collapse is
determined by the diffusion rate of vapor inside the bubble;
this explains why vapor is trapped within the bubble as it
collapses.
In most of the previous works, it has been typically assumed that the bubble is initially composed of some undissolved gas trapped in the liquid. Steady and quasi-steady
state models have widely used the hypothesis that the gas
phase is in mechanical and thermodynamic equilibrium with
the surrounding liquid; however, its applicability to cavitation processes is restricted, in the most favorable case, to the
expansion stage. Thus, non-equilibrium conditions have been
normally considered.14,9,4,15 One of the most accepted models employs an approximation for the mass flux derived from
the kinetic theory of gases; an empirical accommodation coefficient is introduced to quantify the efficiency of the molecules adhering-to/abandoning the interface.16,17
Few reliable experimental data are available18,19 and
they are limited to very restrictive conditions.20–23 As a consequence, model validation and calibration under all possible
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conditions are a cumbersome task. The uncertainty of model
results introduced by the accommodation coefficient is
bounded by two limiting cases: Zero mass transfer 共␤ = 0兲
and equilibrium conditions. For situations between both limiting cases, the correct value of the accommodation coefficient is presumably crucial to accurately predict the bubble
behavior. In fact, the sensitivity of the bubble radius evolution to the accommodation coefficient has been proposed as a
method to determine its value.24
Storey and Szeri9 have shown that the condensation flux
during the bubble implosion is controlled by the diffusion of
vapor toward the interface. This flux depends on the bubble
density, the diffusion coefficient and the concentration gradient, which is determined by the vapor trapped inside the
bubble and the conditions at the interface. If the characteristic bubble implosion time scales are much smaller than those
of mass transfer processes, it is extremely doubtful that equilibrium conditions can prevail at the interface; therefore,
mass transfer transient effects would influence conditions at
the interface, modifying the diffusive flux during the implosion, the condensation rate, and the peak temperatures and
pressures reached during the last stages of the collapse.
In this work, the model proposed by Hauke et al.11 is
used to determine the ranges of frequencies, bubble radius
and forcing pressure amplitudes for which the influence of
mass transfer effects is important. Typical values encountered in SBSL for amplitude and frequency of the driving
pressure wave, as well as for the bubble initial radius are
investigated. In practical applications, other variables like the
gas composition might bear a direct impact upon chemical
and physical processes near the interface; consequently, the
analysis might become more intrincate.6
II. MODEL

The present analysis is based on the model of Hauke et
al.,11 where the continuity, momentum and energy conservation equations are solved inside a single bubble assuming
spherical symmetry,
D    共 v rr 兲
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Dt r2  r

For simplicity, and given that it provides realistic values
for a wide range of pressures and temperatures,
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where t stands for time, r is the radial coordinate,  is the
density of the gas mixture, vr is the fluid radial velocity, Y ␣
and j␣diff are the mass fraction and the diffusive mass flux,
respectively, of species ␣, p is the pressure, rr,  and 
are diagonal components of the viscous stress tensor, e is the
specific internal energy, qr is the radial heat flux and v is the
viscous dissipation function. Moreover, the temperature will
be denoted by T.
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共5兲

where R0 is the perfect gas universal constant, W␣ is the
molecular mass of species ␣ and pg is the total gas pressure
in the bubble, sum of all partial pressures 共including that of
the water vapor兲.
Radial and temporal dependence of all the variables is
considered. The liquid continuity and momentum equations
are replaced by the Rayleigh–Plesset equation,25 modified to
account for compressibility effects26 and mass transfer
processes;27 this equation has been extensively used by other
authors.28,29,12,27 The energy equations inside the bubble and
in the liquid are coupled, avoiding the introduction of additional models for the determination of the interface temperature, which is assumed to be continuous. The species conservation equation 关Eq. 共2兲兴 is solved inside the bubble in order
to obtain the vapor concentration profile. The diffusion flux
of gas across the interface is negligible along 1 cycle6 and
therefore, the species equation in the liquid is not used.
The Hertz–Knudsen–Langmuir formula,16,17 derived
from kinetic theory of gases, is used to model mass transfer:
tot
JH
O=
2

␤共psat − pH2O兲

冑2R0Tint

共6兲

,

tot
where JH
is the water evaporation/condensation flux across
2O
the interface, pH2O is the partial water pressure at the interface, R0 is the universal perfect gas constant, Tint is the temperature at the interface and psat is the equilibrium interface
partial water pressure. Theoretically, equilibrium conditions
are given by the Clausius–Clapeyron equation. However, it is
possible to replace it by the experimental fitting of the equilibrium data using the Antoine equation:
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.
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In the particular case of water, the values of the constants are
Ak
18.3036

Bk
3816.44

Ck
⫺46.13

Equation 共6兲 provides the total flux across the interface as a
function of an empirical accommodation coefficient, ␤.
Along this work, the same correlation as that in Refs. 11 and
15 is used to obtain the values of ␤,
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冦
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k共m兲 = k共k − 1兲 ¯ 关k − 共m − 1兲兴

共9兲

and
k=

Tint
− 7,
50

共10兲

where Tc is the critical temperature.
For some predictions, the previous expressions are not
used, and the value of beta is set equal to a constant predefined value.

A. Boundary and initial conditions

Appropriate boundary conditions are used to solve the
governing differential equations. At the bubble center,
spherical symmetry implies no radial gradients,

 Y ␣ g  Tg  vg
=
=
=
=0
r
r
r
r

∀ t.

r = 0,

TABLE I. Characteristic parameters.
295 K
101 300 Pa
2 500 Pa
8 ⫻ 10−4 kg/ m s
1 000 kg/ m3
1 500 m/s
0.06 N/m
100 000 Pa

Tliq
Pliq
Pvap
l
l
cl

⌬P

This system of nonlinear partial differential equations is
solved with an Arbitrary Lagrangian–Eulerian31 共ALE兲 finite
element method combined with a 5/6th-order Fehlberg
Runge–Kutta method.32 Further details about the physical
model and numerical method can be found in Ref. 11.

共11兲

Moreover, the velocity at the center of the bubble is zero:
vg = 0

∀ t.

r = 0,

共12兲

The continuity condition at the interface implies a relation
among the gas velocity vg共R , t兲, the evaporation flux and the
interface velocity Ṙ, namely
vg共R,t兲 = Ṙ −

J H2O

g

共13兲

.

It is assumed that water is the only compound with a net flux
across the interface. The balance of water mass fraction at
the interface relates JH2O to the advective and diffusive
fluxes,
tot
g
JH
O = g共vg − Ṙ兲Y H
2

2

O −  gD ␣

 Y Hg 2O
r

,

共14兲

tot
where JH
is defined by Eq. 共6兲.
2O
An energy balance at the interface, r = R共t兲, establishes a
relation among the heat fluxes at the liquid and gas sides and
the latent energy of evaporation,

l

 Tl
 Tg
= g
+ ⌬HvapJH2O .
r
r

共15兲

The variation of the enthalpy of vaporization with the temperature, ⌬Hvap, is calculated from the Watson equation.30
The numerical procedure assumes a continuous temperature profile across the interface.
共16兲

Tg = Tl .

In order to solve the energy equation, a constant liquid temperature far away from the bubble is imposed,
Tl = T⬁

共r → ⬁兲.

共17兲

A bubble in mechanical and thermodynamic equilibrium
with its surrounding liquid is initially assumed. Reference
pressure and temperature are employed to calculate all properties from equilibrium balances. A unique insoluble gas
would be considered here; thus, the initial vapor content is
taken as uniform and equal to the saturation condition.
J. Acoust. Soc. Am., Vol. 128, No. 1, July 2010

III. RESULTS

This study is focused on typical SBSL conditions.33 A
single bubble with an initial radius of 20 m is immersed in
an ultrasonic field; the reference case parameters are specified in Table I. The amplitude and frequency of the driving
pressure wave, as well as the bubble initial radius, will be
varied to analyze mass transfer effects on bubble evolution.
The presence of Argon, a non-condensable gas, is assumed. This implies that, in addition to non-equilibrium effects, the water vapor diffusion in Argon plays a critical role
in mass transfer processes.9
The maximum temperatures and pressures as a function
of the forcing frequency are plotted in Fig. 1 for ⌬P
= 0.9 atm and ⌬P = 1 atm. The values of the frequencies are
made dimensionless by using the bubble natural frequency
defined by

n =

冑

3␥ p⬁

lR2b

,

共18兲

where ␥ is the specific heat ratio and p⬁ is the reference
pressure. When the minimum pressure in the liquid does not
reach its vapor pressure 共⌬P ⱕ 0.9 atm兲 no significant
changes in peak pressures and temperatures are observed
with and without mass transfer at any frequency.
For a pressure amplitude ⌬P = 1 atm, the sensitivity of
implosions to mass transfer becomes apparent at forcing frequencies below about 30 kHz. Both, peak pressures and temperatures increase as mass transfer effects are taken into account. The intensity of implosions is considerably enhanced
due to mass transfer, this trend being more marked at lower
frequencies. This result is encountered for a wide range of
bubble radii even for the relative small amplitudes tested in
this work. Figure 2 depicts the differences between peak
pressures obtained taking into account mass transfer and
those using ␤ = 0 as a function of dimensionless frequency.
The parameter ⑀T is a dimensionless measure of the difference of peak temperatures with and without mass transfer,
Fuster et al.: Mass transfer effects on bubble dynamics
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FIG. 1. Peak pressures and temperatures for an argon-vapor bubble of
20 m as a function of the dimensionless frequency for two different pressure wave amplitudes. Mass transfer effects have a significant influence on
the peak temperatures and pressures for ⌬P ⱖ 1 atm and frequencies below
30 000 Hz.

Tmax共␤ = 0.5兲 − Tmax共␤ = 0兲
.
Tmax共␤ = 0.5兲

共19兲

In general, the larger the bubble, the larger the area of mass
exchange and the higher the sensitivity to the computed mass
transfer. Moreover, the range of frequencies for which significant differences with and without mass transfer are observed becomes wider for larger bubbles.
The effect of mass transfer on bubble dynamics and, in
particular, on its radius evolution, is small for frequencies
greater than 250 kHz, irrespective of the value of ⌬P. In any
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FIG. 2. Influence of the mass transfer model on the peak temperatures
during the implosion for different bubble radius and ⌬P = 1 atm 共definition
of ⑀T contained in the text兲. The effect of mass transfer is especially important for large bubbles 共of the order of 40 m兲 and low frequencies even for
relative low amplitudes of excitation.
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∆ p = 1.2 atm

FIG. 3. Influence of the mass transfer on the peak temperatures and pressures as functions of ␤, for a single cavitating bubble of 20 m in an
ultrasonic field of 5 kHz, and for different driving pressure wave amplitudes.
Peak pressures are especially sensitive to the values of beta for large ⌬P.

∆ P = 1 atm (β = 0.5)
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∆ P = 0.9 atm (β = 0)
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event, the value of ␤ is essential to accurately predict some
internal processes taking place inside the bubble, such as
radical formation.10,11
In order to gain more insight into the physical mechanisms responsible for differences in peak pressures and temperatures, a bubble of initial radius of 20 m subjected to an
ultrasonic field of 5000 Hz is analyzed. Figure 3 depicts peak
temperatures and pressures as functions of ␤, for different
values of the forcing pressure wave amplitude. The definition
of ⑀ P is identical to that of ⑀T in Eq. 共19兲, changing Tmax by
Pmax. Peak pressures turn out to be especially sensitive to the
value of ␤, particularly for large pressure wave amplitudes.
In this case, neglecting mass transfer effects is no justifiable,
because of the very low pressures attained inside the bubble
during the expansion should evaporation be considered. This
fact is apparent in Fig. 4, where bubble radius, vapor concentration at the bubble interface, and pressure evolutions are
plotted for an initial radius of 20 m, in an ultrasonic field
of 5000 Hz and for ⌬P = 1.1 atm. The pressure temporal
evolution indicates that, irrespective of the value of the accommodation coefficient, the evaporation flux during the expansion prevents attaining the low pressures predicted by the
model in the absence of mass transfer; this feature has an
important influence on the predicted temperatures and pressures during the collapse.
The effect of mass transfer processes on the bubble dynamics can be assessed utilizing the dimensionless evaporation flux, Jtot / 共b共R兲Ṙ兲. This parameter is large when mass
transfer has an important influence on the interface velocity,
whereas it tends to zero when the evaporation can be neglected. Figure 5 depicts the temporal radius evolution as
well as the dimensionless evaporation flux. Jtot / 共b共R兲Ṙ兲
spans over several orders of magnitude and its absolute value
Fuster et al.: Mass transfer effects on bubble dynamics
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FIG. 4. 共Color online兲 Temporal evolutions of the bubble radius, bubble
pressure at r = 0 and vapor mass fraction at the interface for an initial radius
of 20 m, in an ultrasonic field of 5000 Hz and ⌬P = 1.1 atm. Whereas
differences of the maximum radius reached at the end of the expansion are
small, large differences in peak pressures are observed for different values
of ␤.
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is plotted. During the compression, condensation occurs and
Jtot / 共b共R兲Ṙ兲 is negative, whereas the opposite situation is
encountered during the expansion. It is important to emphasize that the effect of mass transfer processes can be reflected
by the absolute value, independently on whether evaporation
or condensation occurs.
Mass transfer has an important influence on the interface
velocities, and, therefore, on the maximum bubble radius
during the expansion stage. However, although the maximum
radius is influenced by the mass transfer, the sensitivity to the
140
120
100
80
60
40
20
0

β = 0.1
β = 0.5

0

0.1

IV. CONCLUSIONS
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value of ␤ of the maximum radius and the water vapor content is small. Equilibrium conditions are encountered at the
interface at every instant and thus, transient effects do not
influence the vapor content of the bubble during the expansion. On the other hand, the characteristic expansion velocities are usually small and then, large pressure wave amplitudes are required in order to observe significant changes of
the maximum radius. This observation is in agreement with
Ref. 2, where large amplitudes are suggested in order to observe significant differences of the maximum bubble radius
attained during the expansion.
During the compression stage, mass transfer has also an
important effect on the predicted velocities. In this case, unlike during the expansion stage, the compression velocities
and the values of Jtot / 共b共R兲Ṙ兲 are highly sensitive to the
value of ␤ 共Fig. 5兲. Thus, any parameter influencing this
velocity, has a direct influence on peak temperatures and
pressures. The effect of ␤ on peak pressures is more pronounced than that on peak temperatures 共Fig. 5兲, because the
former are strongly determined by compression velocities,
whereas the latter are also influenced by heat exchange processes across the interface. Note that although the increase of
water vapor content lowers the peak temperatures during the
collapse,4 this effect is unrelated to the value of the accommodation coefficient because the vapor content reached during the expansion is not influenced by ␤. It should also be
emphasized that the influence of ␤ on the compression velocities is encountered during the initial stage of the compression, when the conditions inside the bubble are not extreme and the model used here is expected to provide
reasonably accurate results. Therefore, although peak pressures and temperatures could still be influenced by some
effects not included in the present model, it is not the case of
the compression velocities reached during the first stage of
the collapse. This behavior is encountered for frequencies in
the range 1000–10000 Hz, regime in which further studies
could provide some new insight about realistic values of the
accommodation coefficient.

0.2
tf

FIG. 5. 共Color online兲 Bubble radius and dimensionless evaporation flux,
Jtot / 共b共R兲Ṙ兲, temporal evolutions for two different values of ␤. Parameter
values are the same than in Fig. 4. The interface velocity during the expansion is only moderately influenced by mass transfer. On the other hand,
compression velocities are significantly affected by mass transfer and are
very sensitive to the value of ␤.
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This study emphasizes and proves the importance of
correctly modeling mass transfer processes for predicting the
single bubble response in SBSL experiments. In general,
evaporation/condensation processes across the interface have
been shown to significantly modify the bubble dynamics. As
a first approximation, mass transfer can be neglected for frequencies greater than 250 kHz.
Mass transfer processes typically enhance both expansion and collapse stages. When the amplitude of the pressure
wave is large enough 共namely, larger than 1 atm for the conditions investigated in the present work兲, evaporation/
condensation has an important effect on bubble implosions.
The value of the accommodation coefficient then plays a
crucial role on the corresponding model results; depending
on its value, strong implosions can be predicted for a relatively broad range of frequencies 共one or two orders of magnitude lower than those with no mass transfer兲. These differFuster et al.: Mass transfer effects on bubble dynamics
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ent behaviors are only observed for large driving pressure
amplitudes, being more pronounced for large bubbles and
low frequencies.
The temporal evolution of bubbles radius with initial
values of a few tens of microns undergoing an ultrasonic
field with frequencies in the range from 1 to 10 kHz might
provide hints to estimate a practical and realistic value of the
accommodation coefficient, as proposed by Puente and
Boneto.24 Mass transfer processes might only moderately effect the maximum radius attained during the expansion;
however, they can have an influence on the peak temperatures and pressures reached during the implosion.
In summary, it can be concluded that the correct simulation of mass transfer processes in SBSL is especially important for large pressure wave amplitudes and for frequencies in a range going from the resonant frequency to
frequencies one or two orders of magnitude smaller.
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